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Abstract 

Let p be a quasiconformal mapping on the plane with complex dilatation p. 
We show that if p satisfies a certain Carleson measure condition, then one 
can transfer H°° on the upper half plane onto the corresponding space in 
the complement of the quasicircle T = p(M), and that this condition on p 
characterizes C l+a curves. 

Keywords: Cauchy integral; quasiconformal mapping; Carleson measures; 
smooth curves 

Introduction 

Let / be a quasiconformal self-mapping of the plane with complex dilata- 
tion p. Thus / is a homeomorphism with locally integrable distributional 
derivatives verifying that Bf — pdf — 0, p e L°°(C) and \\p\\oc < 1- We shall 
also assume throughout this paper that p has compact support. 

The images of the real line (or the unit circle <9D) under quasiconfor- 
mal mappings of the plane are called quasicircles. In general, they are not 
rectifiable and they do not satisfy any regularity conditions such as local 
absolute continuity or differentiability a.e., even when \\p\\oo is small. Then, 
understanding the properties of the geometry of quasicircles in terms of the 
complex dilatation becomes one of the main objectives of the quasiconformal 
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analysis and, also, of this article. 



One can get some regularity by imposing some stronger smallness con- 
dition on the dilatation fi. If fi were zero in a neighborhood of <9B, then 
the map would be smooth on <9B. So, if \x decays to zero in some sense as it 
approaches the unit circle then we should be able to get some good behaviour 
of the mapping on dB>. 

One of the first results along these lines is due to Carleson [fjj]. He showed 
that if / is a quasiconformal self mapping of C\D such that 



where K(t) = sup{|^(z)| : 1 < \z\ < 1 + 1}, then / is absolutely continuous 
on the circle and /' G Lf oc . Becker ^ extended this result to the case where 
/ represents a conformal mapping of © that extends quasiconformally to the 
whole plane. 

In the same context, Dynkin [3] proved the following stronger result. Let 



If there exists a constant a > so that e a< ^^ 2 G L 1 (9D), then the curve 
r = f(6B) is rectifiable. 

A particular type of rectifiable quasicircle are the chord-arc or Lauren- 
tiev curves. A Jordan curve, T, is M chord-arc if satisfies A(T(zi, Z2)) < 
M\z\ — Zz\, where A(T(zi, Z2)) denotes the length of the shortest arc of the 
curve T between z 1: z 2 G T. 

A condition for chord-arc curves with small constant was given by Astala- 
Zinsmeister [2| , and requires the measure 



to be a Carleson measure in C\D with small norm. The proof relies on esti- 
mates for the Schwarzian derivative of / in D, showing that log /' G BMOA 
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with small BMO constant. On the other hand Semmes 13 and MacManus 



10f | showed that the same result holds with no assumption on / being con- 



formal on D. Semmes' proof is based on estimates for a certain perturbed 



Cauchy integral operator while the strategy in [10| is to estimate Haar type 
coefficients for log /'. 



For arbitrary constants, the result is no longer true [5fl. In fact, if no re- 
striction on the Carleson norm of |/^(z)| 2 /(|;z| — 1) is imposed, the quasicircle 
T might not be even rectifiable. 



Related to these results is the following one due to Pommerenke A 
curve T is an asymptotically smooth curve, that is 

A(r(z!,Z 2 )) , I I n 

— ^- ->■ 1, as \z x - z 2 \ ->■ 0, 

\z\ - Z\\ 

if and only if log f E VMOA . 



This paper presents a new characterization of smooth curves in terms of 
p. In particular, we are interested in C 1+a curves. We prove the following 
result: 

Theorem 1. Let f denote a conformal map o/D onto the inner domain of a 
Jordan curve T. Then T is a C 1+a curve if and only if f extends to a global 
quasiconformal map whose dilatation p satisfies that \p(z)\ 2 / (\z\ — l) 1+£ is a 
Carleson measure relative to dD, where e = e(||>t/||oo) an d a — a { £ -> Halloo)- 

The equivalent result holds if we consider unbounded C l+a curves. In 
this case fi satisfies that |/i(2;)| 2 /|?/| 1+e is a Carleson measure relative to R, 
where y = Im(z). 

In the second part of the paper we consider quasiconformal mappings 
of the plane p : C — > C whose complex dilatation fi satisfies that for some 
e > 0, |yu| 2 /|y| 1+£ is a Carleson measure relative to M. We will show that 
under this condition on fi we can transfer H°° on the half plane K 2 , onto the 
corresponding space in the complement of the quasicircle T = p(R). More 
precisely, we prove the following result: 

Theorem 2. Let p be a quasiconformal map of the plane onto itself whose 
complex dilatation p satisfies that for some e > , \p\ 2 /\y\ 1+£ is a Carleson 
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measure relative to R. Let fi + and denote the two regions bounded by 
the quasicircle T = p(R). Then G G F°°(Q ± ) if and only if F G iP°(R|) 
respectively, where = G o p| R . 

The proof is based on an argument by Semmes [l2j], where the idea is to 
transform a <9 problem relative to T into a <9 — /i<9 problem relative to R via 
a change of variables. 

We will apply the previous results to study the relation between the 
Cauchy integral Cr(g) of a function g G L°°(r), that is 

C r (g)(z) = ^- [ °^-du, ziY, 

Z7U J r 00 — Z 

and the Cauchy integral of its pullback on R. So, as an immediate conse- 
quence of Theorem 1 and Theorem 2 we obtain the following corollary. 

Corollary. Let T be an unbounded C 1+a curve analytic at oo and let g G 
L°°(r). Then the Cauchy integral C T (g) G L°°(C) if and only if C R (/) G 
L°°(C) where f denotes the pullback of g under the conformal mapping that 
sends R onto V . 

The paper is structured as follows: In section 1, we review some definitions 
and basic facts, in particular the analytic characterization of C 1+a curves. 
The proof of Theorem 1 is presented in section 2 whereas section 3 is devoted 
to Theorem 2. 

1. Preliminaries. 

Let us denote complex variables by z = x + iy and ( = £ + ir]. We 
shall use the following notation throughout this article: D = {z : \z\ < 1}, 
T = <9D, B x (r) denotes the ball centered at x and radius r, \I\ represents 
the length of any arc I C 83, r(z!,z 2 ) is the shortest arc of the curve T 
between z\, Z2 G T, and A(r) the length of the curve T. Also, we shall write 
8 = 8/8z = 1/2(8 X + id y ) and 8 = 8/8z = 1/2(8 X - id y ). 

A positive measure A on C is called a Carleson measure relative to a given 
chord-arc curve T if there exists a constant C > such that X(B Z (R)) < C R 
for all z G T and R > 0. The smallest such C is the norm of A, ||A||c- 
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A function / G L X (T) belongs to the space BMO(T) if there exists A > 
so that 

SUP jf |/(C) - azIldCI < A, with a x = -±- j f{Q\dC,\ 

and where the supremum is taken over all arcs I C T. The least possible A 
in this inequality is called the BMO norm of /, ||/||*. 

The space VMO is defined as follows: 

VMO(T) = \f E BMO(T) : lim — ^ 

We say that / G BMOA or / G VMOA if / G ^(D) and if the boundary 
values of / on T belong to BMO(T) or VMO(T) respectively. Recall that 
BMOA is contained in the Bloch space 

B = {f analytic in D : ||/|| B = sup(l - \z\ 2 )\f'(z)\ < oo} 

and VMOA is contained in B = {/ G B : (l-|*| 2 )|/'(z)| ^ as \z\ -> 1-0}. 

The notion of Carleson measures is closely related to BMO functions. Let 
F be an analytic function on M? + and / = _F|r. Then / G BMO(R) if and 
only if \F'(z)\ 2 y dxdy is a Carleson measure with respect to M jsf. Analogous 
definitions and results extend to analytic functions defined on the comple- 
ment of chord- arc curves. 

We now introduce the curves which are the main object of study in this 
paper. A Jordan curve T is said to be of class C n (n = 1,2,.. .) if it has 
a parametrization </?(t) = f(e lT ),0 < r < 2n, that is n times continuously 
differentiable and satisfies that v 9 '( r ) 0> Furthermore, it is of class 
C n ' a , for < a < 1, if 

\<P W (T 1 )-(p^{T2)\<C\T 1 -T 1 \ a (1) 

It is well known that for < a < 1 we can consider the parametrization 
of the curve given by the conformal mapping / that sends D onto the inner 
domain bounded by T (Kellogg- Warschawski Theorem). In this case, ([[]) is 
equivalent to 

\f n+ \z)\ < C(l - \z\) a '\ for all z G D. (2) 



1 1/(0-0x11^1 = 0}. 
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2. Proof of Theorem 1. 



The main idea is based on an estimate of the logarithmic derivative devel- 
oped by Dynkin [7] . Accordingly, if / is a conformal mapping in the unit disc 
with a fc-quasiconformal extension to the whole plane, that is ||/i||oo < k < 1, 
then for all z G D 



'\-\z\ 



f"(z) 



< C(l 



a-fe 



1 + 



where 



w(z, t) 
t 2 ~ k 

1/2 



dt 



(3) 



(4) 



Using this estimate, he also proved the following result: 
Theorem 3. If the integral 

11 u(z,t) 



t 



-dt < oo 



converges uniformly in z G <9B, then logf (and thereby f and 1/f) is 
continuous in the closed disc. 

Theorem 1. Let f denote a conformal map o/D onto the inner domain of a 
Jordan curve T. Then T is a C l+a curve if and only if f extends to a global 
quasiconformal map whose dilatation /i satisfies that \fi(z)\ 2 / (\z\ — 1) 



l+e 



is a 



Carleson measure relative to <9B ; where e 



and a 



Proof. Let us assume first that there exists a quasiconformal extension of / 
so that for some e > z/(z) = |/i(z)| 2 /(|z| — l) 1+£ is a Carleson measure on 
the plane, \\fi\\oo < k < 1. Let z G D, then for any t > 1 — \z\ we obtain from 
(H that: 



< Ct e ' 2 . (5) 
where C = Cdl/^Hoo, ||^||c)- Therefore, if z < min (e/4; 1 — k), by d3J) 
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f"(z) 



< C(l 



l-fe 



1 + C / t e/A+k - 2 dt 



< C(l 



and < C|/' (z)|(l - l^l)*- 1 , where now C = C(e, |MU He)- 



We only need to prove that |/'(;z)| is bounded on T. Since 

v ' < C / dt < oo, 

IQ t JO t 

and by Theorem 3, \ f'\ is bounded in the closed disc. Therefore, < 
C(l - |^| which implies by © that T is C 1+Q . 



To prove the second part of the theorem, let us consider the following quasi- 
conformal extension of the Riemann mapping f: 



/(*) = /(|) + /'(|)(*-|), ^ |*|>1, 



where 



fz = fib and /, = -!(*_ -)/"(-). 

2 Z l Z Z 

Note that if denotes the logarithmic derivative, that is = (1 — 
\z\)\f"(z)/f'(z)\ 7 z G D, then x /?(*). 

In general, this mapping is not homeomorphic, but Becker and Pommerenke 
[3] proved that this extension was indeed a quasiconformal extension of / to 
a neighborhood of T if Hm| z |_ >1 _ /3(2;) < 1. 

If T is C 1+a , it is assymptotically smooth, so by Pommerenke's result log /' G 
VMOA. Since VMOA C Bo, we get that /3(z) -»■ as |z| -»■ 1 - and the 
aforementioned extension of / defines a well defined quasiconformal exten- 
sion to a neighborhood of T. 

As |/i(l/z)| x f5{z) and T is a C 1+a curve, for \z\ > 1 



\l*{z)\<CP(-)<C(\z\-l) a . 
z 



A straightforward computation shows that, for e < 2a, z G dD and R > 



7b z ( R )(ICI-i) 1+£ Jb z (r)(\(\ 

□ 

3. Proof of Theorem 2. 

Before proceeding to the proof we need to mention a result on quasicon- 
formal mappings preserving Carleson measures. We say that F : IR+ — > IR+ 
preserves Carleson measures if given any Carleson measure p in , the 
measure v defined in MP: as 



jy(E) = / a F (z)dn(z) 
'f- 1 (e) 



is a Carleson measure, where 



z\ J JB 



B z — B z (l/2 y) and Jp is the Jacobian of F. The function ap(z) is somehow 
the quasiconformal substitute of \F'\ in Koebe distortion theorem. In fact 



ImF(z) ~ ciF(z)y PJ- 

If we consider a quasiconformal map p from onto itself, it is well 
known that p preserves Carleson measures if \p'\ E We will need 

the analogous result for a quasiconformal map p from M.+ onto a domain 
bounded by a chord-arc curve. 

Lemma 1. Let p : — > Q a quasiconformal map and let dQ be a chord-arc 
curve. If \p'\ G then p preserves Carleson measures. 

The proof follows from the previous case, that is Q = since Q is the 
image of the upper half plane under a global bilipschitz map. 



To prove Theorem 2 we will follow Semmes approach in [12|. Let T be 
locally rectifiable quasicircle in the plane. Given a function g defined on T, 
consider its Cauchy integral 
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C r (g){z) = ± [ ^-du, ziY. 
2m J r u — z 

We define the jump of G = Cr(g) across T at the point z as g + — g_, 
where g + and g- denote the boundary values of G. As the classical Plemelj 
formula states, 

g±(z) = ±\g{z) + -Lp.v. / ^-du, z g r. 

2 2m J r oo — z 

Hence g+(z) — g~(z) = g(z). Also, G is holomorphic off T, so that dG = 

on c\r. 

We can reexpress these two conditions by saying that, in the distributional 
sense, dG = g dzr on C, that is 

/ g dzr = / (dG) dz A dz, 
Jr Jn 

where dzr is the usual measure on T and dfl = T. 

We can also say that G is determined by the equation dG = on C\r 
and the condition jump(G) = g on T, as if G were another function with 
the same properties, then G — G would be entire and a mild condition at oo 
would force it to be 0. 

Let G = G o p on C\R and / = g o p on R, where p : C — > C is a 
quasiconformal map that takes R into T. Then, dG — off F transforms into 
(d — pd)G = off R with jump(G) = / across R, where p = p p . Again, in 
the distributional sense, we can say that (d — pd)G = fdx. 

In order to prove the following result it is convenient to change the prob- 
lem a bit more. Let F = Cr(/) the Cauchy integral on R of f. Thus, F is 
holomorphic off R and its jump across R is given by /, i.e., dF = fdx. 

Let us now define H = G — F on C\R. Then, H has no jump across R and 
dH = pdG. As H has no jump, we can consider that the previous equation 
holds on all of C in the sense of distributions (that there is no boundary 
piece). 
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Theorem 2. Let p be a quasiconformal map of the plane onto itself whose 
complex dilatation p satisfies that for some e > , M 2 /M 1+e is a Carleson 
measure relative to R. Let Q + and f2_ denote the two regions bounded by 
the quasicircle T = p(R). Then G E H°°(n±) if and only if F E F°°(]R|) 
respectively, where F|k = G o p\ R . 

Proof. Let G E H°°(Q + ) (the same argument would hold for ). 
Then G = C T {g) where g = G\ T E L°°(T). To show that F E H°°(M^) we 
need to prove that F\^ E L°°(R). Using the notation above, this is equivalent 
to prove that H\ R E L°°(R). Since OH = pdG, 

TT/ , If BH(z) , , If u(z)dG(z) , , „ 

H(a) = — / —dxdy = — / ^ y -^dxdy for aER. 6 

ni J c z — a ixi J c z — a 

For a G M. and an integer, let us denote B k = B a {2~ k ). Then 



V +1 L 



H{a)\ < Y2 k+1 / \p{z)\\dG{z)\dxdy 

Bk\Bk+l 

S ^ 2k+1 {J B lj ^W dxdy ) 1/2 {L \ d ^)\ 2 \y\dxd y y 2 .(7) 

Since u(z) = \p(z)\ 2 /\y\ 1+£ is a Carleson measure, 

f \f^ldxdy= [ \^S.\ y \-dxdy < |Mlc2- fc(1+£) . (8) 

1 2/ 1 JB k \y\ +£ 

The above inequality also shows that r = |//| 2 /|?/| is a Carleson measure 
with Carleson norm ||t||c — )■ as Ic - > oo. In this case, the quasicircle 
T = p(R) is actually a chord-arc curve with small constant and p|r sat- 
isfies that \p'\ G [10]. On the other hand, since G G then 
\G' (z)\ 2 5r{z)dxdy is a Carleson measure relative to T with norm < C||g|| 2 . 

By Lemma [TJ A = |<9G| 2 ?/ dx<i?/ will be a Carleson measure relative to R 
and 

/ \dG(z)\ 2 ydxdy <\\\\\ c 2- k . (9) 

JB k 

Then by ©, © and © |#(a)| < C{\\p\\ c , \\ \\\c) J2 k ^' £/2 f < oo as 
we wanted to prove. 
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Conversely, if F were bounded, the same argument would show that G is 
bounded on R and then, that G G H°°(tt + ). □ 

To conclude this paper we would like to propose the following problem: 
Problem. Find conditions on fi so that Theorem 2 holds. 
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